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Defintions and notation

Boolean network

1. A Boolean network with n components is a discrete dynamical system
usually defined by a global transition function:

f : t0, 1un Ñ t0, 1un, xÑ fpxq “ pf1pxq, . . . , fnpxqq,

where each function fu : t0, 1un Ñ t0, 1u associated to the component
u is called local activation function.

2. Any vector x “ px1, . . . , xnq P t0, 1un is called a state of the network f
with local state xu on each component u.
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Defintions and notation

Interaction digraph

Definition
We define the interaction graph of a Boolean
network f : t0, 1un Ñ t0, 1un, denoted by
Gpfq “ prns, Apfqq, as:

rns “ t1, . . . , nu ,

Apfq “ tpu, vq P rns ˆ rns : pDx P t0, 1un, fvpxq ‰ fvpx
 u
qqu

where x uv “ xv ðñ u ‰ v.
Also, for each u P rns:

N´
f puq “ tv P rns : pv, uq P Apfqu

N`
f puq “ tv P rns : pu, vq P Apfqu

1

2

3 4

5

f1pxq “  x2 ^ x5

f2pxq “ px1 ^ x3q _ px5 ^ x3q

f3pxq “ p x1 _ x5q ^ x3 ^ x4

f4pxq “ px4 ^ x3q _ px5 ^ x3q

f5pxq “ x4
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Defintions and notation

Update schedule

An update schedule is a function s : t1, . . . , nu Ñ t1, . . . , nu, where there
exists m P t1, . . . , nu such that spt1, . . . , nuq “ t1, . . . ,mu.
Using this definition, we can write s “ B1 ¨ ¨ ¨Bm, where each set Bj is a
block of s, and Bj “ s´1ptjuq “ tu P t1, . . . , nu : spuq “ ju.
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Defintions and notation

Update schedule

Definition

Let f : t0, 1un Ñ t0, 1un be a Boolean network, xt “ pxt1, . . . , x
t
nq P t0, 1u

n

a state and s “ B1, B2, . . . , Bm a block-sequential update schedule. The
dynamical behavior of f updated according to s is given by:

@v P B1, xt`1v “ fvpx
tq. (1)

@v R B1, xt`1v “ fvpx
t`1
u : spuq ă spvq;xtu : spuq ě spvqq (2)
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This is equivalent to applying a function f s to x:

xt`1 “ f spxtq,

where fs is defined by:

@v P B1, fspxqv “ fvpxq. (3)
@v R B1, fspxqv “ fvpf

s
upxq : spuq ă spvq;xu : spuq ě spvqq (4)
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Defintions and notation

Update schedule

Definition

Let f : t0, 1un Ñ t0, 1un be a Boolean network, xt “ pxt1, . . . , x
t
nq P t0, 1u

n

a state and s “ B1, B2, . . . , Bm a block-sequential update schedule. The
dynamical behavior of f updated according to s is given by:

@v P B1, xt`1v “ fvpx
tq. (1)

@v R B1, xt`1v “ fvpx
t`1
u : spuq ă spvq;xtu : spuq ě spvqq (2)

It is easy to prove that f s is equivalent to:

f s “ fBm ˝ fBm´1 ˝ ¨ ¨ ¨ ˝ fB2 ˝ fB1

with fBi : t0, 1un Ñ t0, 1un given by:

@x P t0, 1un, fBi
v pxq “

#

xv if v R Bi

fvpxq if v P Bi.
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Defintions and notation

Dynamical behavior of a Boolean network

1

2

3 4

5

f1pxq “ x1 _ x4

f2pxq “ x2 ^ x4

f3pxq “ x4 ^ x5

f4pxq “ x3 ^ x5

f5pxq “ x2 ^ x4

s “ t2u t5u t3u t4u t1u

1

2

3 4

5

fs
1 pxq “ x1 _ px4 ^ px2 ^ x4 ^ x4qq

fs
2 pxq “ x2 ^ x4

fs
3 pxq “ x4 ^ px2 ^ x4 ^ x4q

fs
4 pxq “ x4 ^ px2 ^ x4 ^ x4q

fs
5 pxq “ x2 ^ x4 ^ x4

(a) (b)

Figure: (a) f and an update schedule s (b) The parallel digraph GP pf, sq.
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3 4

5

f1pxq “ x1 _ x4
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f3pxq “ x4 ^ x5

f4pxq “ x3 ^ x5

f5pxq “ x2 ^ x4

s “ t2u t5u t3u t4u t1u

1

2

3 4

5

fs
1 pxq “ x1 _ x4

fs
2 pxq “ x2 ^ x4

fs
3 pxq “ x4 ^ p0q “ x4

fs
4 pxq “ x4 ^ p0q “ x4

fs
5 pxq “ px2 ^ x4q ^  x4 “ 0

(a) (c)

Figure: (a) f and an update schedule s (c) The effective network fs.
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Preliminary results

Labelled digraph

Let f : t0, 1un Ñ t0, 1un be a Boolean network and s an update schedule.
We define the labeling function labs : AÑ ta,‘u in the following way:

@pu, vq P Apfq, labspu, vq “

#

‘ if spuq ě spvq

a if spuq ă spvq

f1pxq “ x2 _ x4
f2pxq “ x4
f3pxq “ x1 ^ x2
f4pxq “  x3

1

2

3

4
a

a

a

‘
‘

‘

Figure: The associated digraph to f labeled by the function labs, with
s “ t1u t2u t3u t4u
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Preliminary results

Equivalence relation

Given f : t0, 1un Ñ t0, 1un a Boolean network, we define the following
equivalence relation between updates schedule s and s1:

s „f s1 ðñ pGpfq, labsq “ pGpfq, labs1q.

We denote rssf the equivalence class of s induced by „f . It is kown that:

s „f s1 ùñ f s “ fs1 . (3)
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Preliminary results

Dynamically equivalent Boolean network
problem

Definition
Let f, h : t0, 1un Ñ t0, 1un be two Boolean networks and s an update
schedule. We say that ph, sq is dynamically equivalent to f if hs “ f .
Moreover, if h ‰ f , or h “ f and s f sp, we say that ph, sq and f are
non-trivially dynamically equivalent.

Dynamically equivalent networks problem (DEN problem)
Input: A Boolean network f .
Question: does there exists a Boolean network h and an update
schedule s, such that ph, sq is non-trivially dynamically equivalent
to f?
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General problem

Preliminary results

Theorem

If there exists a solution to DEN problem then there exists a solution to
DEN problem with a block-sequential update schedule with two blocks.

Notice that:
fs “ fBk ˝ fBk´1

loooooomoooooon

fBkYBk´1

˝fBk´2 ˝ ¨ ¨ ¨ ˝ fB1

Theorem
DEN is NP-Hard.
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General problem

Disjunctive and linear Boolean networks

Definition
Given f : t0, 1un Ñ t0, 1un a Boolean network, f is called a disjunctive
Boolean network if: @u P rns, fupxq “

Ž

vPN´f puq

xv

or, equivalently: @u P rns, fupxq “ 1 ðñ
ˇ

ˇ

ˇ

!

v P N´
f puq : xv “ 1

)ˇ

ˇ

ˇ
ě 1.

Definition
Given f : t0, 1un Ñ t0, 1un a Boolean network, f is called a linear Boolean
network if: @u P rns, fupxq “

À

vPN´f puq

xv, where ‘ is the sum modulo 2

or, equivalently:
@u P rns, fupxq “ 1 ðñ

ˇ

ˇ

ˇ

!

v P N´
f puq : xv “ 1

)ˇ

ˇ

ˇ
is odd.
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General problem

Transitive property

Given h, f : t0, 1un Ñ t0, 1un two disjunctive Boolean networks and s an
update schedule such that hs “ f . then:

pu, vq P Apfq ðñ

#

ppu, vq P Aphq ^ spuq ě spvqq _

pDw P N´
h pvq, spwq ă spvq ^ pu,wq P Apfqq

Lemma
Let h, f : t0, 1un Ñ t0, 1un be two disjunctive Boolean networks and s an
update schedule such that hs “ f . Then, for u, v P rns:

rpu, vq P Aphq ^ labspu, vq “ as ùñ N´
f puq Ď N´

f pvq.
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General problem

Solutions with one negative arc

Proposition

Let f : t0, 1un Ñ t0, 1un be a disjunctive Boolean network. There exists a disjunctive
Boolean network h and an update schedule s, such that ph, sq is non-trivially dynamically
equivalent to f and with only one negative arc pu, vq P Aphq if and only if the following
conditions are satisfied:

1. N´
f puq Ď N´

f pvq,

2. u R N´
f pvqzN

´
f puq,

3. For every vertex w P N´
f pvqzN

´
f puq, it does not exist a path from u to w in

Gpfq ´ v.

Gpfq Gphq12

3

6 5

4

12

3 4

56

a
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2. u R N´
f pvqzN

´
f puq,

3. For every vertex w P N´
f pvqzN

´
f puq, it does not exist a path from u to w in

Gpfq ´ v.

Corollary

Let f : t0, 1un Ñ t0, 1un be a disjunctive Boolean network. If there exist u, v P rns such
that N´

f puq “ N´
f pvq, then there exists a disjunctive Boolean network h and an update

schedule s such that ph, sq is non-trivially dynamically equivalent to f .
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General problem

Disjunctive Boolean network

Aapfq “ tpu, vq P rns ˆ rns : u ‰ v ^N´
f puq Ď N´

f pvqu.

Algoritmo: Glabpf,A
´q

Input: A disjunctive Boolean network
f : t0, 1un Ñ t0, 1un and a subset
A´ Ď Aapfq of G “ Gpfq such that GrA´s
is acyclic.

Output: A labeled digraph GrA´, A`s.
1 A` Ð tpu, vq P Apfq : @w P N`

f puq, pw, vq R A´qu;
2 if pA`q˚ XA´ “ H then return Gprns, A` YA´q;
3 else return Glabpf,A

´
zpA`q˚q;

1

2

3 4

5

N´p1q “ t3, 4, 5u

N´p2q “ t3, 5u

N´p3q “ t2, 3, 4, 5u

N´p4q “ t1, 3, 5u

N´p5q “ t1, 2, 3, 5u

1

2

3 4

5
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General problem

Admissible partition

Definition
Let pG, labq be a labeled digraph. A partition tV1, V2u of rns is said to be
admissible if satisfies the following conditions:
1. Dpu, vq P ApGq, u P V1 ^ v P V2,
2. @pu, vq P ApGq, u P V1 ^ v P V2 ùñ labpu, vq “ a,
3. @pu, vq P ApGq, u, v P V2 ùñ labpu, vq “ ‘.

Lemma
Let f : t0, 1un Ñ t0, 1un be a disjunctive Boolean network and tV1, V2u an
admissible partition of Glabpf,A

apfqq. If we define
A´ “ tpu, vq P ApGq : u P V1 ^ v P V2u, where G is the digraph of the
resulting labeled digraph, then Glabpf,A

´q is an update digraph and
GP pGlabpf,A

´qq “ Gpfq.
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General problem

Algorithm

Algoritmo: AdmissiblePartitionpG, labq

Input: A labeled digraph pG, labq.
Output: A partition tV1, V2u of V pGq.

1 G‘ Ð lab‘rpG, labqs;
2 pV̂ , Âq Ð ComponentDigraphpG‘q;
3 QÐ tGi P V̂ : EGj P V̂ , pGj , Giq P Âu; // initial components
4 v˚ Ð Null;
5 while v˚ “ Null do
6 Gq Ð first element of Q;
7 if Du P Gq ^ Dpw, uq P ApGq, labpw, uq “ a then v˚ Ð u;
8 else QÐ QY tGi P V̂ : pGq, Giq P Â};

9 V2 Ð tv P V pGq: D a path in G‘ from v to some vertex in the same component of
v˚u;

10 V1 Ð V pGqzV2;
11 return tV1, V2u
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General problem

Algorithm for D-DEN Problem

Algoritmo: D-DENPSolvepfq

Input: A disjunctive Boolean network f : t0, 1un Ñ t0, 1un.
Output: pG, labq an update digraph such that GP pG, labq “ Gpfq if there exists a

solution of the D-DEN problem with instance f , or Null otherwise.
1 if Aapfq has a cycle then
2 Let u and v be two vertices such that N´

f puq “ N´
f pvq;

3 return Grtpu, vqu, Apfqz
!

px, vq : x P N´
f pvq

)

s

4 else
5 pG, labq Ð Glabpf,A

a
pfqq;

6 if labapG, labq “ H then return Null;
7 if pG, labq is update then return pG, labq;

8 tV1, V2u Ð AdmissiblePartitionpG, labq;
9 A´ Ð tpu, vq P ApG, labq : u P V1 ^ v P V2u;
10 return Glabpf,A

´
q;
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General problem

Example of the algorithm

1

2

3 4

5

N´p1q “ t1, 2, 3, 4, 5u
N´p2q “ t1, 3u
N´p3q “ t1, 2, 4u
N´p4q “ t1, 3, 5u
N´p5q “ t1, 4u

1

2

3 4

5

1

2

3 4

5

(a) Digraph Gpfq (b) Aapfq (c) A` according Glab

1

2

3 4

5

t1u

t2, 3u t4, 5u

1

2

3 4

5

(d) Glabpf,A
a
pfqq (e) The Poset digraph (f) Labeled digraph

Adm. Partition V1 and V2
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General problem

Transitive property for linear Boolean network

Lemma

Let f, h : t0, 1un Ñ t0, 1un be two linear Boolean networks and
s “ B1 . . . Bm a block sequential update schedule such that hs “ f . Then,
given k P t1, . . . ,m´ 1u, it follows,

MphqB1 “MpfqB1

MphqBk`1MpfqB
˚
k “MpfqB

˚
k`1 ,

where B˚k “
k
Ť

j“1
Bj .

Notice that this lemma solve the problem:
Given f : t0, 1un Ñ t0, 1un a linear Boolean network and s an update
schedule. Does there exist h a linear Boolean network such that hs “ f?
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General problem

Acyclic linear Boolean network

Proposition

Let f : t0, 1un Ñ t0, 1un be a linear Boolean network. There exists a linear Boolean
network h : t0, 1un Ñ t0, 1un and an update schedule s, such that ph, sq is non-trivially
dynamically equivalent to f and with only one negative arc pu, vq P Aphq if and only if
the following conditions are satisfied:

1. N´
f puq Ď N´

f pvq

2. u R N´
f pvqzN

´
f puq

3. For every vertex w P N´
f pvqzN

´
f puq, it does not exist a path from u to w in Gpfq´ v

Corollary

Let f : t0, 1un Ñ t0, 1un be a linear Boolean network. If there exist u, v P V pfq such
that N´

f puq “ N´
f pvq, then there exists a linear Boolean network h and an update

schedule s such that ph, sq is non-trivially dynamically equivalent to f .
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General problem

Acyclic linear Boolean network

Corollary

Let f : t0, 1un Ñ t0, 1un be a linear Boolean network. If there exist
u, v P V pfq such that N´

f puq “ N´
f pvq, then there exists a linear Boolean

network h and an update schedule s such that ph, sq is non-trivially
dynamically equivalent to f .

Corollary

Let f : t0, 1un Ñ t0, 1un be a linear Boolean network. If Gpfq is acyclic
and for all u ‰ v P V pfq, N´

f puq ‰ N´
f pvq, then there exists a non-trivially

pre-image ph, sq such that hs “ f .

1 2 3 4 1 2 3 4
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General problem

Strongly connected linear Boolean network

Proposition

Let f : t0, 1un Ñ t0, 1un be a linear Boolean network. If there exist a
simple cycle C “ rv0, . . . , vk´1, vk “ v0s in Gpfq such that N`

f pCq ‰ H,
then there exists a non-trivially pre-image ph, sq such that hs “ f .

12

3

4 5

6

12

3

4 5

6

Example of proposition where the cycle is defined by the vertices {1,2,3,4}
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General problem

Linear Boolean network

Theorem
Let f : t0, 1un Ñ t0, 1un be a linear Boolean network, and let
P “ tu P V pfq : u is not a vertex of a cycle in Gpfqu. There exists a
solution for L-DEN problem if and only if one of the following conditions is
satisfied:
1. There exists a simple cycle C such that |N`

f pCq| ą 0

2. |P | ą 1

3. Gpfq is disconnected and |P | “ 1

Besides, if a solution exists, it can be found in polynomial time.
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With a given schedule s

Disjunctive Boolean network

Theorem

Preimage problem with fixed update schedule can be solved in polynomial
time.

Algoritmo: MaximumPreImagepf, sq

Input: A disjunctive Boolean network f and an update schedule s.
Output: The maximum preimage h or Null if it does not exist.

1 A´ Ð
 

pu, vq P Aapfq : spuq ă spvq
(

;

2 if A´ “ H then return Null;

3 A` Ð tpu, vq P Apfq : spuq ě spvqu;

4 hÐ BNprns, A´ YA`q;

5 if hs
“ f then return h;

6 else return Null;
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With a given function h

Algorithm

Algoritmo: sph, fq

Input: Two disjunctive Boolean networks f, h : t0, 1un Ñ t0, 1un.
Output: If there exists an update schedule s such that hs

“ f , it returns s.
Otherwise, returns Null.

1 sÐ sp;
2 k Ð 0;
3 while hs

‰ f do
4 s1 Ð s-dividerpf, h, s, kq;
5 if s1 “ s then return Null;
6 k Ð k ` 1;
7 sÐ s1;

8 return s;
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With a given function h

Disjunctive Boolean network

Algoritmo: s-dividerpf, h, s, kq

Input: Two disjunctive Boolean networks f, h : t0, 1un Ñ t0, 1un and s is a k-valid
update schedule.

Output: s as a pk ` 1q-valid update schedule.
1 V ÐH;
2 forall v P rns, spvq “ k ` 1 do
3 B Ð tu P N´

f pwq : w P N´
h pvq ^ spwq ď ku;

4 F Ð tu P N´
h pvq : spuq ą ku;

5 if N´
f pvq “ B Y F then V Ð V Y tvu;

6 s1 Ð s;
7 repeat
8 for v R V ^ spvq “ k ` 1 do s1pvq Ð k ` 2;
9 V a Ð tv P V : Dpu, vq P A´ph, fq, s1puq ě s1pvqu;
10 V ‘ Ð tv P V : Dpv, uq P A`ph, fq, s1pvq ă s1puqu;
11 V p

Ð tv P V : Dpv, uq P Apfq, pv, uq R potentialpf, h, s1, k ` 1qu;
12 V Ð V zpV a Y V ‘ Y V p

q;
13 until pV a Y V ‘ Y V p

q “ H;
14 if V ‰ H then return s1;
15 return s;
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With a given function h

Linear Boolean networks

Until now, we do not have a polynomial time solution
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With a given function h
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