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Introduction
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Forall ¢ > 2, [q] ={0,1,...,9 — 1} is an alphabet of size g.

Definition (Automata network)

An automata network is a function f : [g]" — [q]" for some

q=>2.
x | f(x)
000 | 000
Q0L 100 £(x) = ((x), h(x), h(x))
010 | 001
011 | 101 f(x) = —x1 A x3
100 | 010 H(x) = x1
101 | 010 f(x) = xo .
110 | 011 Interaction graph
111 | 011 Local functions
Global function 3/47
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f(x) =—-x1 A x3

h(x) =x1
f(x) = x2
Sychronous update: Transition graph:
t . t+1
01T 01 [000] _J0O1—1100]
X f(x)

(011k—110]
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Definition (period)

Let : [q]" — [q]" bijective. The period p of f is the smallest
word (f °(0"), f 1(0"),..., f £(0")) such that f ‘¥1(0") = 0".

The period length |p| = £ + 1 of a bijective function is between 1
and ¢".

Definition (Hamiltonian automata networks)

The automata network f : [g]” — [q]" is Hamiltonian if
f 9"(0") = 0" and f £(0") £ 0" forall 0 < t < g".
Equivalently:
@ the transition graph of f is a single limit cycle of length ¢";
° |p|=q";
@ In p, there is exactly one time each configuration of [q]".
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ExampleJcounter

i) = { e e éﬁ_\@_/&
X; otherwise.

pggy——ﬂ001%——H010+——H0111 00F——{01——{02——>{10} 11

[TIIK—{TTOK—{10TK—100) [P2K— DT Dok— 17

Remark

@ The interaction digraph has about n?/2 arcs.

@ It has a maximum in-degree of n.
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Definition (de brujin sequence)

A de Bruijn sequence w of order n on a size-q alphabet is a cyclic
sequence in which every possible length-n string occurs exactly
once as a substring.

In other word, for all x € [q]", there exists t € [¢"], such that
Wt,t4+n mod g] = X-

Theorem (Tatyana van Aardenne-Ehrenfest, 1951)

There exists (q de brujin sequence of order n on a size-g alphabet.
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EEEE——————
Example of brujin sequence (n = 3, = 2):
00010111.

We can define f such that f(wj; ;4 n)) = Wie1,¢4n41) (addition
done modulo g").

[000—001—>010—>101]

N

[T00K—{TT0Kk—TTIKk—I011

Remark

In this example,
@ The interaction digraph has 2n — 1 arcs.

@ It has a maximum in-degree of n.
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In this presentation, we are interested in these questions:

What can be said about the interaction graph of a Hamiltonian
automata network?

What can be said about the interaction graph of a Hamiltonian
automata network with a given alphabet size?

In the ‘ingeneria‘ thesis of Arturo Zapata, the following question
was asked:

In the Boolean case, is the maximum in-degree of the interaction
graph of a Hamiltonian automata network always n? (when n > 3)
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Basic properties
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BN
Preparty 1

A digraph if coverable if there exists a set of vertex disjoint cycles
that can cover all the vertices of the graph. Equivalently, a graph is
coverable if [N£(S)| > |S] for all S C V(G).

Property 1:

The interaction graph of a Hamiltonian automata network are
coverable.

A Hamiltonian automata network f : [q]” — [q]" is bijective.

Theorem (Maximilien Gadouleau, 2018)

If an automata network is bijective, then its interaction graph is
coverable.
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Prepariy 23

A graph G is unilaterally connected if for every vertex u and v of
G, either there is a path from v to v or from v to u in G.

Property 2:

The interaction graph of a Hamiltonian automata network is
unilaterally connected.

O OsORE
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If there are no arcs from V(G)\/to ['in G then f ; : Tq]"l — [q]"!
is the restriction of f: for all x € [q]", fi(x) = f;(x).

Proposition

Consider a Hamiltonian f € F(G) and | C V(G) such that there
are no arcs from V' \ / to [ in G. Then, f; is Hamiltonian.

Proof:
o f | is bijective. Indeed, if f|; is not bijective:
o there exists y € [g]! without pre-images by fr
o Let x € [q]" with x; = y and xy(g)\/ = olV(GNI,
e x has no pre-images in f.
e So f is not bijective which is absurd.
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If there are no arcs from V(G)\/to [ in G then f ; : Ta]"l — [q]"!
is the restriction of f: for all x € [q]", fi(x) = f;(x).

Proposition

Consider a Hamiltonian f € F(G) and | C V(G) such that there
are no arcs from V' \ / to / in G. Then, f; is Hamiltonian.

Proof:
e f ) is bijective.
e f; is Hamiltonian. Indeed, if f|; is not Hamiltonian:

o there exists y € [q]"l not in the period of fi.

o Let x € [[q]]n with X =Yy and XV(G)\I = 0|V(G)\I\.
e x is not in the period of f.

e So f is not Hamiltonian which is absurd.
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Proof:
® fiquc and fcuc, are Hamiltonian so their period are
q|C1UC2| and q‘C1UC3|_

e So, fqucuc; has period
lcm(q|C1UC2|’q‘C1UC3|) < q|C1UC2UC3|

e So, f|qucuc, is not Hamiltonian which is absurd.
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Prepariy 8

Definition (index of cyclicity)

The index of cyclicity c(G) of G is the ged of all the length of its
cycles.

Property 3:

Let f € F(G, q) be Hamiltonian. Let J be a component of G
Then, c(G[J]) =1 except if g = |J| = 2.

A (directed) graph is cyclically k-partite if its vertex set can be
partitioned into k parts Jp, ..., Jx_1 such that every arc of G goes
from J; t0 Jit1 mod k for some 0 < j < k — 1.

Theorem (Brualdi et al., 1991)
If ¢(G) = k, then G is cyclically k-partite.
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Preparty & preel

Forall 1 <i<m, f|qu..uc is Hamiltonian. So suppose Cp, = J.
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Prepariy &8 precl

(o)

let = CGU---UCp_1.

(@)
&
|
(.
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Prepary &8 preel

O—

Let k = c(G[J ]). So J is k-partite.
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Prepary &8 preel
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Prepary &8 preel

X yo Z )y ZJ; ZJ,
f(x) [y?
f2(x) [ y?
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Prepary &8 preel

f2(x)
Fa'-1(x)
ANONINE
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Prepary &8 preel
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Preparty & preel

J

()
N

/ ) N b
X Y 0 ZJo le ZJp
F)|y? hS ) (z)

o Note that NZ(JI—I) C J; and NE(J,') CcluJ,.

hY) is injective.

(

@ Therefore, hjl_v) is a permutation!

Therefore, |Jo| < |h| < -+ < |Jk—1| < |l
ThUS, |J0| = |J1| == |Jk_1| = |J|/k
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Prepary &8 preel

/ b b
X yO Z_jo z ZJ2
Flx) | y? WY (z)
F2(x) |y WS, o b (zs)

19/47

Julio Aracena ( DIM, CI2MA), Florian Bridoux ( 13S), Adri Interaction graphs of Hamiltonian automata networks



Prepary &8 preel

/ Jo h A
X yo ZJy ng ZJ,
Fx) | y? WY Nz
F20) | y? hG o b (z)
k=T 0
FEO) Ly kLAY " oo hY D(zy)
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Preparty & preel

J

)
2

/ Jo h I
x y?° 2z, Z) Zp
) [ y! GAEN]
2 2 y y
o) |y — - hg, "ohy (zx)
Frx) |y * hJi./ 0"'°hj‘1/ (z5)
fFha'l(x) [y O go(z4) g1(z,) 82(21,)
kq!lll—1 . .
B Pt al'ly gi is a permutation!
gi - O Jt mod k )
P 19/47
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BN
Prepary &8 preel

I Jo S b
>‘<‘ Y 0 ZJo Z) ZJy
1
FR(x) |y ° | go(zs) | &1(z4) | &2(25)

pi : length of the smallest limit cycle of gj.

8o (po = 8): g1 (p1=2):
[000F—{00T—0I0+—01] (000000 (010 (01
[TIIK—{II0k—{10IK—{100) [[IIK—{1i0 [10U [100

zy, = 000 zj, = 010

pi = ql%lor p; < gll /2.
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BN
Prepary &8 preel

I Jo h W)
X Y ZJo Zh ZJp
Fra') Ly ° | eo(zs) | &1(zs) | &2(25)
Let p = lem(po, ..., pk—1). We know that £ pkql”(x) = X.
Therefore,

q" < pkq!'
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BN
Prepary &8 preel

/ b 1 b
X y Z )y Z) Z),
Fra"(x) [y ° | golzs) | &1(zs) | g2(2)
Let p= lcm(poa ceey Pk—l)-

qk|J0| < pk
If all p; < gl0l/2,

gkl < k(qlJol/Q)k
gkl < qulJo\/zk
1< k/2k

No solutions!
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13"
/ Jo Jh b

0
X y ZJq Z); ZJ,

") [y | golzs) | &1(zs) | &2(22)
Let p= lcm(poa ceey Pk—l)-

qk|J0| < pk
Suppose pg = g°l. If p; = gl%o! then lem(po, pi) = gl So,

Thus,

qk|J0| S qu|Jo‘/2k—1
1< k/2kt

Solutions: k € {1,2}! 21/47
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BN
Prepary &8 preel

I Jo N Jo
)f ‘ Y ZJo ZJy ZJy
1
f ka (X) Y 0 gO(zJo) gl(ZJ1) g2(zJ2)

qk|J0| < pk

Suppose po = g%l and k = 2. p = lem(po, p1). If
lem(po, p1) # q|J°|. Then p; < q‘J°|/2 — 1. So,
q2|Jo\ < 2q|J0|(q|J0|/2 —1)
q|Jo\ < q|Jo\ )
0< -2

No solution!
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BN
Prepary &8 preel

/ Jo i b
>‘<‘ Y ZJo Zh ZJ,
1

FR(x) |y ° | go(zn) | &1(z4) | &2(25)

gl < pk
If lem(pog, p1) = gl°l. Then,

q2|J0| < 2q|Jo|
qlJol <2

Unique solution: |Jp| =1 and ¢ = 2.

21/47

Julio Aracena ( DIM, CI2MA), Florian Bridoux ( 13S), Adri Interaction graphs of Hamiltonian automata networks



Beeepiion: negative G

f € {0,1}%2 — {0,1}? with f(x1,x0) = (x2,x1 +1 mod 2).

m
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II——.

Let f : [q]” — [q]" be a Hamiltonian automata network and G be
its interaction graph. Then,

@ G is coverable;
@ G is unilaterally connected,;

e for each component C of G, ¢(G[C]) =1 except if
g=I[Cl=2

Conjecture

If G has the three properties, then there exist a Hamiltonian
automata network f € F(G, q) for some g > 2.
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Star graph S7:

(i R (3)
OO
e (o (1)

Remark

S, respect all the properties. However, if q(qz) < n then the
interaction digraph of a Hamiltonian function f : [g]" — [q]" is
not S,.
24/47

Julio Aracena ( DIM, CI2MA), Florian Bridoux ( 13S), Adri Interaction graphs of Hamiltonian automata networks



Reminder about permutations
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INNEE——————.

@ A permutation is a bijective function p: S — S.
@ (a <> b) is the transposition defined by

b ifx=a;
(acb):x—<a ifx=b;

x  otherwise.

@ (a <> a) is the identity function.

e For all distinct ag,...,am—1, (a0 = a1 — ...am—1 —) is the
cyclic permutation defined by

a(i+1) mod m if x = aj;

(30— a1 —...am-1 —>)(x):{ )
X otherwise.

26/47

Julio Aracena ( DIM, CI2MA), Florian Bridoux ( 13S), Adri Interaction graphs of Hamiltonian automata networks



INNEE——————.

o It is know that
(a0 = a1 — ...am—1 =) = (a0 <> am—1)o---o(ag <> az)o(ag <> a1).

So any cyclic permutation on m elements can be expressed as
the composition of m — 1 transpositions.

@ The number of transpositions is even iff m is odd!

@ Any permutation can be expressed as the composition of cyclic
permutations and so as the composition of transpositions.

@ A permutation is even (resp. odd) if it is the composition of
an even (resp. odd) number of transpositions (not counting
the identity transpositions).

@ It is known that a permutation cannot be even and odd at the
same time.

@ In fact, a permutation is even iff in its cycle decomposition,
there is an even number of cyclic permutations of even size. 27/47

Julio Aracena ( DIM, CI2MA), Florian Bridoux ( 13S), Adri Interaction graphs of Hamiltonian automata networks



Odd alphabets
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Theorem

The automata network f : [g]" — [q]" defined by:

xi+1 modgq ifi=1;
(0 <> xj—1)(x;)  otherwise.

Vi € [n], fi(x) = {

is Hamiltonian if g is odd.

The interaction graph G has maximum in-degree 2 for all n!
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EEEEEE———————————r

t |yt t | xt |yt | ytF3 | ytFo
0] 0 0/ o] O 1 2
1)1 110 1 2
2] 2 21 21 1 0 2

30,47
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alphabets
n=3
t Xf yf yt+9 yt+l8
n=2 0[00| O 1 2
110/ 0| 1 2
3(01] 1 0 2
0| 0 0 1 2
4711 0] 1 2
11 0 1 2
51 1 0 > 5(20| 1 0 2
6|02 1 0 2
71 12] 1] 2 0
822 1| 0 2
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Even alphabets
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Even alplabeis

Theorem

Let f € F(G, q) be a Hamiltonian automata network with g even
and n > 3. Let C,..., C,, be the topologically ordered
components of G. Then, forall 1 <i<m, N (G)=GU---UG.

Theorem

|b

Let f € F(G, q) be a Hamiltonian automata network with g even
and n > 3. Let C,..., G, be the topologically ordered
components of G. If {v} is a feedback vertex set of C; for some
1<i<mthen N;(v)=CGU---UC.

34/47

Julio Aracena ( DIM, CI2MA), Florian Bridoux ( 13S), Adri Interaction graphs of Hamiltonian automata networks



Even alplabeis

Lemma

Let f € F(G, q) be a permutation with g even. Let | C V(G). If
[I| = [NE(1)] and N (NE(1)) # V(G). Then f has an even
number of cycles.

e Even permutation < Even number of even cycles.
@ But the sum of the cycles is g" which is even.
@ Therefore, there is an even number of odd cycles.

@ So, even number of cycles < even number of even cycles <
even permutation.
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Even alplabeis

Let f € F(G, q) be a permutation with g even and n > 3. Let
I C V(G). If |I| = [NE(1)] and Ng(NE(1)) # V(G). Then f has
an even number of limit cycles.

v
w

v—2)

36,47
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Even alplabeis

Lemma

Let f € F(G, q) be a permutation with g even and n > 3. Let
I C V(G). If [I| = |NE(1)| and Ng (NE(1)) # V(G). Then f has
an even number of limit cycles.

/
(E:E"—-\‘V{}\ NE

36,47
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Even alplabeis

Lemma

Let f € F(G, q) be a permutation with g even and n > 3. Let
I C V(G). If |I| = [N£(1)] and Ng (NE(1)) # V(G). Then f has
an even number of limit cycles.

Ng (1)

/ a)
(O —F)

36,47
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Even alplabeis

Lemma

Let f € F(G, q) be a permutation with g even and n > 3. Let
I C V(G). If |I| = [N£(1)] and Ng(NE(1)) # V(G). Then f has
an even number of limit cycles.

Ng(NE()| 1 NE()

N
I/—\ﬁ

1 2
@\k_//

b <
w

36,47
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Even alplabeis

I Ng()

A
O

o Let pr1e2) ¢ (X1, x2,X3) = (X2, X1, X3).
® pe2) © f(x) = (f(x), Ai(x), (x))

S8

= NE()

W
w
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Even alplabeis

Let p1es2) @ (X1, %2, X3) = (X2, X1, X3).
P(1-2) © f(X) = (fQ(X)a fl(X)7 E’»(X))

I=NE()
G @, %

P(12) is the composition of q”_zg(q — 1) transpositions:

W
w

((x1,x2,x3) <> (x2, x1, X3)).

For example:

((0,1,0) « (1,0,0)).
@ So p(12) is even (if n > 3) and p(1,2) o f has the same parity
as f. 38/47
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Even alplabeis

I=NE()
G @, /%

@ So, we can consider that | = N5(/) and 3j € V(G) \ N (/).

e Forall y € [q]" "l let ) such that f;(x) = KOV (x;).
h¥) is a permutation.

o Let g - [q]" — [a]" with g(x) = (K¥910)1(x) and
gv(e)\(x) =id.

o Since / does not depend on v, B = h¥' if y and y’ only differ
on j.

W
w

@ Thus, g(x) makes all permutations a multiple of g times.

@ So, g is an even permutation.
39/47
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Even alplabeis

I=N&() _n /C%

e So f ' =fog as the same parity as f.
o f viens = fvien and for all i € [, fi(x) = x;.

o &@&

o f ' is the product of the identity function id : [g]!'l — [¢]!"!
with gl’l fixed points and another permutation f ’V(G)\,.

]

@ So f ' has a multiple of g!'! limit cycles.

@ So f ' is an even permutation. 40/47
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IEE——————.
Even alplabeis

Lemma

Let f € F(G, q) be a permutation with g even and n > 3. Let
I CV(G). If [I| = |NE(I)| and N (NE(1)) # V(G). Then f has
an even number of cycles.

Theorem

Let f € F(G, q) be a Hamiltonian automata network with g even
and n > 3. Let C,..., Cp be the topologically ordered
components of G. Then forall 1 <i<m, N (C)=CGU---UG.

 fiqu..c is Hamiltonian so suppose f = f |¢,u..c;-

@ For contradiction, suppose N (C;) # G U---U G

o Take | = C;. Clearly, N(C;) = Ci and N (G) # V(G).

@ By the Lemma, f has an even number of limit cycles. This is
absurd (since it is Hamiltonian, it has one limit cycle). 41/47
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IEE——————.
Even alplabeis

Lemma

Let f € F(G, q) be a permutation with g even and n > 3. Let

I C V(G). If |I| = [NE(1)] and N (NE(1)) # V(G). Then f has
an even number of cycles.

Theorem

Let f € F(G, q) be a Hamiltonian automata network with g even
and n > 3. Let Cy,..., Cp be the topologically ordered
components of G. If {v} is a feedback vertex set of C; for some
1<i<mthen N;(v)=CGU---UC.

@ Suppose f = f|c,u..c;and Ng(v) # G U---UC.

@ G[C;\ {v}] is acyclic. Let u be the last vertex of a topological
ordering of G[C; \ {v}].

o | ={u}, Nf(I) ={v}. By the lemma, f has an even number
of limit cycles. This is absurd. 42/47
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Partial results
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Eramplss of smell cegress fer even alphebeis.

@ We can prove that for ¢ =2, n > 3, the incoming degree of
the interaction digraph is at least 3!

@ But for g = 4 we can find proper graphs with incoming degree
2! (The biggest one we found is for n = 6.)

o It gives us, for g = 2, proper graphs with incoming degree 4.
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Eramplss of smell cegress fer even alphebeis.

1 (1 <~ 2)X1 (0 <~ ].)Xl X1 (0 <~ 2)X1
2 (0 — 3)X2 (1 — 3)X2 (0 — 1)X2 (2 — 3)X2
3 (1 <~ 2)X3 (0 4 1)X3 (0 <« 2)X3 X3

4 (1 A4 2)X4 (1 4 2)X4 (0 <~ 2)X4 (0 4 1)X4
5 (2 <~ 3)X5 (1 4 2)X5 (1 R d 3)X5 (0 4 3)X5
6 (0 <~ 2)X6 (1 4 2)X5 (0 <~ 1)X6 (0 4 1)X6

000000 — 030002 — 103001 — 010300 — 002122 — ... 4547
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Conclusion
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o
@®onclusion

In this talk, we have presented:

@ Necessary conditions for the interaction graphs of Hamiltonian
automata networks in general.

@ More conditions when the alphabet is even.

@ A construction of Hamiltonian automata network with an
interaction digraph with a maximum in-degree of 2 working for
all odd alphabet size.

Many questions remain open:
@ Are the necessary conditions also sufficient?

e If F(G, g) admits a Hamiltonian automata networks, does
F(G,q+ 2) too?
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